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Introduction

E VALUATION of the modal parametersof the structural system
is essential for the controller design of vibration suppression.

The experimental modal analysis methods are well established for
open-loop systems.1 When the structural system is under vibration
control and the observation noise is present, the traditional experi-
mental modal test methods based on the fast Fourier transformation
cannot be applied.

Recently, a series of the papers were reported,2¡5 which identify
the system matrices from closed-loop output data using the eigen-
system realization algorithm or the observer/Kalman � lter identi� -
cation.

In this Note, a simple procedure to extract the modal parameters
of the closed-loopstructural system is proposed. It is formulated by
the extended Kalman � lter (EKF) technique.6;7 In several papers8;9

the EKF technique is used to identify the modal parametersof open-
loop structural systems; however, as far as the authors know, there
are few papers on the applicationof the EKF to extract the structural
modal parameters directly from the time series of the closed-loop
system. Here the unknown parameters consist of eigenfrequencies,
damping ratios, mode shapes, and modal masses; thus, the initial
values needed in the EKF calculation are supplied by the � nite el-
ement method (FEM) preanalysis. And the modal model is easily
modi� ed by the experimental results because the modal parame-
ters are the common language between the FEM analysis and the
experimental modal analysis.

Identi� cation Method
When the structure is subjected to the force u.t/, the vibration

equation is expressed by the modal coordinate system q as

QM Rq C QC Pq C QKq D U T u (1)

where QM, QC , and QK are n £n diagonalmatrices whose elements are
modal mass, modal damping, and modal stiffness, respectively. U
is the p £ n modal matrix

U D [Á1; : : : ; Ái ; : : : ; Án]

and Ái denotes the i th eigenvectornormalized to set the modal mass
equal to unit. This equation is transformed into the state equation

Px D A.µ/x C B.µ/u (2)

where the state vector x consists of .q; Pq/T and µ is a modal param-
eter vector de� ned as

µ D
©
³1; : : : ; ³n; !1; : : : ; !n ; ÁT

1 ; : : : ; ÁT
n

ªT
(3)
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A and B can be written as
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where !i and ³i are the i th eigenangularfrequencyand modal damp-
ing ratio, respectively.

Assuming the unknown parameter µ is independent of time and
introducing system noise wt and observation noise vt , the discrete
state equation can be written (Fig. 1)

xt C 1 D Ad.µ/xt C Bd.µ/ut C Dd.µ/wt ut D u0
t C u1

t (4)

yt D C.µ/xt C vt C.µ/ D [U 0] (5)

where subscriptd denotesdiscretizedvaluewith a samplingtime 1t ,
u0

t is an external force, and u1
t admissiblecontrol force, respectively.

Here, yt is a vector observed by displacement, and wt and vt are
stationarywhite noiseprocesseswhose mean values and covariance
matrices are given by

E [wt ] D 0; E [vt ] D 0
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Matrices Ad , Bd , and Dd are usually obtained numerically; how-
ever, in the present case, taking advantage of the modal coordinate
expression (2), they are analytically written as
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Fig. 1 Closed-loop system.
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Then let the augmented state-space vector be of the form

zT
t D

¡
xT

t ; µT
t

¢
(7)

The linear stochasticsystem (4) and (5), including the unknown pa-
rameterµ, is expressedby the followingnonlinearstochasticsystem
as

zt C 1 D f.zt ; ut ; wt / (8)

yt D h.zt ; ut ; vt / (9)

Now zt can be estimated by the EKF technique.

Numerical Example
A satellite with � exible solar panels, shown in Fig. 2, is taken

as an example. The model is analyzed as a two-dimensional plate-
beamstructure,and the lower threemodes .n D 3/ are adoptedas our
identi� cationmodel.The � rst and the secondmodes arebendingand
the third one is torsional.The exact eigenfrequenciesare 1:22, 3:40,
and 4:63 Hz, respectively, and the exact damping ratios are 2:0%
for all three modes. The actuators are located at the center. And the
random response time series at 18 nodes . p D 18/ are calculatedby
the mode superpositionmethod setting 1t D 0:05 s. Therefore, the
total number of the unknown modal parameters is .2C p/ £n D 60
[cf. Eq. (3)] in this example. The linear quadratic regulator control
law is applied to the model; consequently, the vibration at the tip is
suppressed to 1=10.

In the � rst case, where the system is excited by the external ran-
dom force u0

t with the system noise wt , the estimated parameters
identi� ed at various time N 1t (N is time step number) are shown
in Table 1. The initial eigenfrequencies fi D !i =2¼ (i D 1; 2; 3)
are more than 20% deviating from the exact values, and the initial
damping ratios are set to zeros. In this case, wt is set as

E
£
jwt j2

¤

E
£­­u0

t

­­2¤ D O.10¡4/

Table 1 Estimated modal parameters (excited by external force
and noise)

Mode 1 Mode 2 Mode 3
Parameter f1, Hz ³1 , % f2 , Hz ³2, % f3, Hz ³3 , %

Exact 1.22 2.00 3.40 2.00 4.63 2.00
Initial 0.98 0.00 2.72 0.00 3.71 0.00
N D 100 1.22 1.95 3.42 2.31 4.65 1.95

500 1.22 1.99 3.40 2.04 4.64 2.04
1,000 1.22 1.98 3.40 2.02 4.63 2.02

20,000 1.22 2.00 3.40 2.00 4.63 2.00

Table 2 Estimated modal parameters (excited by noise)

Mode 1 Mode 2 Mode 3
Parameter f1, Hz ³1 , % f2 , Hz ³2, % f3, Hz ³3 , %

Exact 1.22 2.00 3.40 2.00 4.63 2.00
Initial 0.98 0.00 2.72 0.00 3.71 0.00
N D 100 1.18 0.04 3.45 0.56 4.66 1.51

1,000 1.24 0.74 3.42 1.28 4.65 2.09
5,000 1.22 1.01 3.40 1.83 4.63 2.02

48,000 1.22 1.87 3.40 1.90 4.63 2.01
150,000 1.22 2.00 3.40 2.00 4.63 1.99

Fig. 2 Numerical calculation model.

The eigenfrequencies converge to the exact values at N D 1000,
and for the estimated damping ratios, whose initial values are zeros,
reasonableagreementwith the exact values is apparent, though N D
20,000 is needed to convergewithin 0.3% error for the � rst damping
ratio.

In the second case, where the system is excited only by the noise
wt , the estimated values are also shown in Table 2. This is possibly
the worst case, and the convergence is not as good as in the � rst
case, especially for the damping ratios. Nonetheless, the EKF tech-
nique gives almost the same parameters with the exact value after a
suf� cient number of time steps.

Conclusion
The EKF technique is applied to extract the modal parameters

of the controlled structures. In the calculation, the initial values for
the EKF can be supplied either by the � nite element analysis or by
the open-loopvibration test. In the numerical examples, though the
initial values for the damping ratios are set to zero, the extracted
results exhibit a good convergenceand accuracy for all of the modal
parameters.
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Introduction

I N recent years the development of relaxed static stability air-
planes has required that � ight control systems provide higher

levels of augmentationfor rapid and precise response.Providingac-
ceptable pilot-in-the-loophandling qualities is a critical design cri-
teria for thesehighly augmentingcontrol systems.1¡3 Many modern
� ghter aircraft utilize pilot pre� lters, which compensate the pilot’s
command to improve handlingqualities to a satisfactorylevel while
maintaining the excellent stability properties provided by feedback
controller design. The idea of separating feedback design from pre-
� lter design, which has been around for more than a decade, is
to simultaneouslyachieve excellent stability properties and desired
pilot-in-the-loopbehavior.4;5

A conventional optimization approach to pilot pre� lter design
employs a quadraticoptimizationtechnique to minimize the model-
matching error between the ideal pilot-aircraft dynamics and the
actual dynamics. Techniques other than optimization approaches
also have been used in the past for the design of the pre� lter.6 The
purpose of this Note is to propose an H1 model-matching method
to design a pilot pre� lter with feedforward compensation capabil-
ity. Model-matchingvia H1 criterion is a worst-casedesign,which
considers the maximum error between the ideal model and the ac-
tual model, while for quadratic criterion, the mean-square error is
considered. In addition to the numerous successful applications of
the H1 control theory to feedback controller design for � ight con-
trol systems, it is shown here that the standard H1 framework also
provides a very simple and ef� cient approach to pilot pre� lter de-
sign.

Problem Formulation
An experimentalaircraftdevelopedby AeronauticalIndustryDe-

velopmentCenter (AIDC) is consideredhere. The longitudinalmo-
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tion of the aircraft at the � ight condition of 0.8 Mach number and
10,000-ft altitude is described by the following state-space model:
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and the measurement equation is2
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where ®, u, µ , q, and NZ are the angle of attack (degrees), velocity
along the longitudinal axis (feet per second), pitch angle (degrees),
pitch rate (degrees per second), and normal acceleration (feet per
second squared), respectively. The proposed control con� guration
is depicted in Fig. 1. There are three control surfaces used in the
longitudinalmotion, namely, elevator(±H ), leading-edge� ap (±LEF ),
and trailing-edge � ap (±TEF ). The bandwidth of the three surface
actuators is 4 Hz. The elevator de� ection signal comes from the
output of the H1 feedback controller K .s/, which was described in
Ref. 7. The LEF/TEF de� ectionsare trim controlsand are scheduled
with Mach number M and angle of attack ®, providing the optimal
lift/drag ratio. In the form of transfer function, the aircraft dynamics
can be expressed alternatively as
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The feedback controller K .s/ D [K1.s/ K2.s/] that employs the
measurements

µ
Nz

q

¶

to generate the elevator de� ection ±H D K1.s/Nz C K2.s/q has
been designed7 to compensate for the effect of c.g. shift and to sat-
isfy the following speci� cations. 1) Short-period damping ratio ³sp

Fig. 1 Longitudinal control con� guration.


